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SCALING LIMIT OF STOCHASTIC DYNAMICS IN CLASSICAL 

CONTINUOUS SYSTEMS 


MARTIN GROTHAUS, YURI G. KONDRATIEV, EUGENE LYTVYNOV, MICHAEL ROCKNER 


Abstract. We investigate a scaling limit of gradient stochastic dynamics associated 
to Gibbs states in classical continuous systems on d > 1. The aim is to derive 
macroscopic quantities from a giv en micr o- or me so scopic system . The scaling we 
consider has been investigated in |Bro80|, [Ros81|, |3po86|, and [GP85], under the 
assumption that the underlying potential is in Cq and positive. We prove that the 
Dirichlet forms of the scaled stochastic dynamics converge on a core of functions to the 
Dirichlet form of a generalized Ornstein-Uhlenbeck process. The proof is ba sed on th e 
analysis a nd geometry on the configuration space which was developed in | AKR98a], 


AKR98b|, and works for general Gibbs measures of Ruelle type. Hence, the underlying 
potential may have a singularity at the origin, only has to be bounded from below, 
and may not be compactly supported. Therefore, singular interactions of physical 
interest are covered, as e.g. the one given by the Lennard-Jones potential, which is 
studied in the theory of fluids. Furthermore, using the Lyons-Zheng decomposition 
we give a simple proof for the tightness of the scaled processes. We also prove that 
the corresponding genera tors, ho w ever, d o not con verge in the L^-sense. This settles a 
conjecture formulated in |Bro80|, |Ros81|, |3po86|. 


1. Introduction 


The stochastic dynamics (X(t))i>o of a classical continuous system is an infinite di¬ 
mensional diffusion process having a Gibbs measure /r, e.g. of the type studied by Ruelle 
in [Rue69|, as an invariant measure. Physically, it describes the stochastic dynamics of 
Brownian particles which are interacting via the gradient of a pair-potential (j). Since 
each particle can move through each position in space, the system is called continuous 
and is used for modelling gas and fluid. For realistic models which can be described by 
these stochastic dynamics, e.g. suspensions, we refer to ||Spo86 |. 

Since these dynamics are stochastic, they have to be interpreted as mesoscopic pro¬ 
cesses. The aim of analyzing scaling limits, in general, is to derive from micro- or 
mesoscopic systems macroscopic statements and quantities. The type of scaling to study 
depends on which features of a given system one is interested in, see e.g. lB?H80i , 

[|Spo91|| . 

The scaling we consider in this paper has been investigated in [ Bro80|] and [Ros81]. 
In his Doctor-thesis, | Bro80| ], T. Brox has given some heuristic arguments for non¬ 


convergence in law of the scaled process and has conjectured that there is no limiting 
Markov process. However, assuming the convergence of the generators of the scaled 
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stochastic dynamics averaged over time, cf. Conjecture below, H. Rost has given 


some heuristic arguments in |Ros81| for the existence of a limiting generalized Ornstein- 
Uhlenbeck process, which, of course, contradicts the statement of Brox. A fundamental 
and celebrated paper on this problem is due to H. Spohn [ppo 86 |] . Assuming that the 
underlying potential is smooth, compactly supported and positive, there the author de¬ 
scribes a proof of Conjecture |6.5| within the proof of his main theorem (see, however, the 
remark on page 4 of Spo 86 |] , and Proposition 2 therein, concerning the restriction d < 3). 
Another approach has been proposed in [pP85|| . The idea of M. Z. Guo and G. Papan¬ 
icolaou has been to prove convergence of the corresponding resolvent. As remarked by 
themselves, at that time the authors did not have an appropriate infinite dimensional 
analysis and geometry at their disposal, and therefore their considerations have been on 
a non-rigorous level. 

After these contributions, for a long time there has been no progress in this problem. 
Recently, however, some new techniques have been introduced. In | AKR98a |, [ AKR98^ ] 
an infinite dimensional analysis and geometry on the configuration space was developed. 
In this paper we shall make use of these concepts in order to tackle the problem described 
above again. 

The stochastic dynamics (X.{t))t>o of a classical continuous system takes values in the 
configuration space 

r := {7 C I 7 n ATI <00 for any compact iT C M'^}, 
and informally solves the following infinite system of stochastic differential equations: 

x{t) G X(t), 


dx{t) = —(3 V(j){x{t) — y{t)) dt + V2dB^{t), 

X(0) = 7 , 


3/(t)eX(t) 


7 GT, 


( 1 ) 


where is a sequence of independent Brownian motions. The study of such diffu¬ 

sions has been initiated by R. Lang | Lan77 | (see also | Shi7E |), who considered the case 
4 > G Cg (M'^) using finite dimensional approximations and stochastic differential equations. 
More singular cj), which are of particular interest in Physics, as e.g. the Lennard-Jones 
potential, have been treated by H. Osada, [ Osa96|| , and M. Yoshida, [ Yos96| (see also 
P?an97 ], [|FRT00 | for the hard core case). Osada and Yoshida were the first to use Dirich- 
let forms for the construction of such processes. However, they could not write down 
the corresponding generators or martingale problems explicitly, hence could not prove 
that their processes actually solve (||) weakly. This, however, was proved in [AKR98b] 
by showing an integration by parts formula for the respective Gibbs measures. Thus 
the latter work became the starting point of this paper. In | AKR98b[| , also Dirichlet 
forms were used and all constructions were designed to work particularly for singular 
potentials of the above mentioned type, see Theorem below. Additionally, and this 
is essential for our considerations, an explicit expression for the corresponding generator 
and martingale problem was provided, which shows that the process in [ AKR98bt] indeed 
solves 0 in the weak sense. 

The scaled process studied in this paper is defined by 

x,(t) := SoutASinAM^~^t))), t>o, e > 0, 

and we are interested in the scaling limit for e —> 0. The first scaling Sin,e scales the 
position of the particles inside the configuration space as follows: 

r 9 7 1-^ SinAl) ■= {ea;| X G 7} G T, 


e > 0 . 
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Hence, for small e > 0 this scaling concentrates the particles towards the origin. The 
second scaling Sout,t leads us out of the configuration space and is given by 

r 9 7 1-^ SoutA'y) ■= (7 - dx^ e 

where V is the dual space of P := In the second scaling we first center the 

configuration 7 by subtracting the first correlation measure dx of the Gibbs measure 
/2e := S*^ Furthermore, we scale the mass of the particles by to avoid divergence 
of the total mass at the origin as e —> 0 . 

We start with constructing the Dirichlet form the generator and the semi¬ 
group {TeAt>o associated to (Xe(t)) 4 >o. These objects are images of the Dirichlet form, 
generator, and semi-group, respectively, which are associated to the original stochastic 
dynamics (X(t))t>o, see Theorem |4.1| below. 

The hrst convergence we show is the following, see Theorem p.3| . We prove that 

limT,(F,G)=T,^(F,G), ( 2 ) 


for all smooth cylinder functions F,G € The limit Dirichlet form is 

defined on with being white noise, and associated to a generalized Ornstein- 

Uhlenbeck process (X(t))t>o solving the stochastic differential equation 

pA(p,l) !—- 

dX(t, x) = AX(t, x) dt + p pf (/?, 1) dW(t, x), (3) 

where (W(t))t>o is a Brownian motion in T)' with covariance operator —A. The coeffi¬ 
cient A/xpA) i® called the bulk diffusion coefficient and (5 is the inverse tempera¬ 

ture. The convergence (^) determines the limit process uniquely, see Remark ^.4| (i), and 
requires only very weak assumptions. The interaction potential (j) only has to be stable 
(S) and we have to assume the LA-HT, i.e. the low activity high temperature regime (see 
below for precise definitions). A basic ingredient in the proof is the convergence of the 
image measures '■= S^t e^tn eP ^o the Gaussian white noise measure as e —> 0, see 
Theorem 5.1. The latter fact has been proved by T. Brox, [Bro80|. 

The convergence in terms of the Dirichlet forms, however, up to this point has no prob¬ 
abilistic interpretation. Hence, we also study convergence in law of the scaled processes. 
By we denote the law of the scaled equilibrium processes, i.e., the law of the scaled 
process starting with a distribution equal to the equilibrium measure p^- Then, in Theo¬ 
rem we prove that the family (P'^)e>o is tight. This has been shown before by T. Brox, 

I Bro 8 C ], and H. Spohn, [BpoSSfl , for smooth compactly supported potentials. Our proof, 
again, works under quite weak assumptions on the potential. We only need conditions 
which ensure the existence of the original stochastic process and have to assume the 
LA-HT regime. In the proof we use the well-known Lyons-Zheng decomposition, [ LZ 88 |, 
|LZ94], of the scaled process and the Burkholder-Davies-Gundy inequalities in order to 
establish the required estimate of the increments. Since the state space of the scaled 
process is a space of distributions, we first prove tightness in a weak sense. Then, via 
some Hilbert-Schmidt embeddings, we find a negative, weighted Sobolev spaces TC-m as 
state space such that the family (P'^)e>o is tight on C'([ 0 , 00), 

It remains to prove that all accumulation points coincide with the generalized Ornstein- 
Uhlenbeck process (X.{t))t>o above. A well-known method to identify the limit is based 
on considering the associated martingale problem. More precisely, if we could prove that 
all accumulation points of (P^)e>0 satisfy the martingale problem for the generator H 
associated to equation with initial condition then a (slight modification of a) 
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uniqueness result of R. Holley and D. Stroock [ HS78(| implies that all these accumulation 
points coincide. 

The obvious first idea to prove that all limit points solve the martingale problem for 
H is to try to prove strong convergence oi ^ H as e —> 0. In [|Bro80|l , [pdosSlf, and 

ipf 


it has, however, been conjectured that, in general, the difference 


II {H - H,)F ||^2(^^), F e FC^{V,V'), 

does not tend to zero as e ^ 0. In Theorem 6.3 we prove that this conjecture is indeed 
true. The proof is quite an elaborate task and is done via a (mathematically rigorous) 
high temperature expansion. A basic tool for this is provided by Theorem [A.4| , where we 
derive explicit formulas for the derivative of the correlation functions with respect to the 
inverse temperature (3 using the so-called iC-transform from |KK9g||, and by Theorem 


B.I, where we prove a coercivity identity for Gibbs measures. 


It turns out that for the above described identification of the accumulation points of 
(P^)£>o, however, a weaker convergence of the generators is sufficient. In Theorem 
we prove convergence in law under the assumption that Conjecture ^ is true, i.e., under 
the assumption that the generators converge in time average. 

To complete the program also from a purely probabilistic point of view, it remains to 
prove Conjecture in physically relevant models. This will be the subject of future 
work. 

The progress achieved in this paper may be summarized by the following core results: 

• Convergence of Dirichlet forms is shown, see Remark |6.2|. 


• The tightness result as in | Bro80| ], |Spo86| is generalized, see Remark 5.4. 

• Conjecture on non-convergence of generators is proved. 

• A mathematically rigorous high temperature expansion of all correlation func¬ 
tionals is developed (up to second order in (5 = 1/T). 

• All above results apply to physically relevant potentials, in particular singularities 
at the origin, non-trivial negative part, and infinite range are allowed. 

Hypotheses on the potential are weakened not for the sake of generality, but in order 
to cover the physically relevant potentials (as e.g. Lennard-Jones potential). 


2. Gibbs states of classical continuous systems 

2.1. Configuration space and Poisson measure. Let > 1, be equipped with 

the norm | • Ij^d given by the Euclidean scalar product (•, ■)^d. By B{W^) we denote the 
corresponding Borel cr-algebra. Clc(I^'^) denotes the system of all open sets in which 
have compact closure. The Lebesgue measure on the measurable space (M'^, ^(M^^)) we 
denote by dx. 

The configuration space T over is defined by 

T := {7 C M'^l I7 n iL| < 00 for any compact K C M'^}. 

Here | A| denotes the cardinality of a set A. Via the identification of 7 G T with ^ 

A4p(M'^), where £x denotes the Dirac measure in x G T can be considered as a subset 
of the set A4p(M'^) of all positive Radon measures on Hence T can be topologized by 
the vague topology, i.e., the topology generated by maps 

{f:l) ■■= [ f{x)d'y{x) = '^f{x) 

where / G C'o(M'^), the set of continuous functions on with compact support. We 
denote by H(r) the corresponding Borel cr-algebra. 
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For a given z > 0 (activity parameter), let denote the Poisson measure on (F, ;B(r)) 
with intensity measure z dx. This measure is characterized via its Fourier transform 

[ exp{i{f,'y))dTT^{'y) = exp(z [ {exp{if{x))-l)dx), f€V, 

Jr ^ JRd, / 

where TJ := the set of smooth functions on with compact support. 


2.2. Gibbs measures in the LA-HT regime. Let 0 be a symmetric pair potential, 

i.e., a measurable function 0 : R'^ ^ RU {oo} such that (^(x) = (j){—x). For A G 

the conditional energy : F —> R U {oo} with empty boundary condition is defined by 

^a(7) := - y )= ^a(7a) 

{a;,i/}C 7 A 


where 7 a := 7 H A and the sum over the empty set is defined to be zero. 
For every r = (ri,..., r^) G we define a cube 


Qr = Tj — 1/2 < Xj < Tj + 1/2|. 


These cubes form a partition of R'^. For any 7 G F we set 7 ^ := 7 q^, r G Z'^. Additionally, 
we introduce for n G N a cube A„ with side length 2n — 1 centered at the origin in R'^. 

Let us recall some standard assumptions from Statistical Mechanics. For our results 
we have to require some of the following conditions. 

(SS): {superstability) There exist A{(f>) > 0, B{4>) > 0 such that, if 7 = 7 a„ for 
some n G N, then 


<(7) > E - B{cP)hr\). 


(SS) obviously implies: 

(S): (stability) For any A G 00 ( 1 ^^^) and for all 7 G F we have 

Eti'r) > -i?(</)|7A|. 

A consequence of (S), in turn, is, of course, that (p is bounded from below. For /3 > 0, z > 
0 , let us define 

C{(Jp, z) := exp{2PB{(j))) / | exp(—/3(/(x)) — 1| z dx. 

We also need 

(UI): (uniform integrahility) We have: 

C(f3(p,z) < exp(— 1 ). 

For a given potential p the set of pairs (/3, z) such that Condition (UI) holds is called 
LA-HT (low activity high temperature) regime, see |Rue63|| and ||Min67| . (UI) is 
stronger than (I) (integrability), i.e., C(P(j),z) < 00 , which is also called regularity, see 
e.g. ||Rue69| . 

(LR): (lower regularity) There exists a decreasing positive function a : N —> R+ 
such that 


E “(II ^ ID < 00 
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and for any A', A" which are finite unions of cubes of the form Qr and disjoint, 

17") >- “(II ~ ID I^DI l^(■"l> 

provided 7 ' = 7 ^,, 7 " = 7 ^,,. Here 

VH^( 7 ' I 7 ") := ^ 4>{x - y) 


is the interaction energy and || • || denotes the maximum norm on R'^. 

On (r,H(r)) we consider the finite volume Gibbs measures /Ua in ^ £ Oc(]R'^) with 
empty boundary condition: 

■= ^exp(-/3^;^(7A))d7r2(7), 
where /3 > 0 is the inverse temperature and 


Za= exp(-/3^^(7A))(i7r2(7) 


is the partition function. Using (S) one easily proves that it is finite. In e.g. |Min67] and 
|MM91| it has been proved that in the LA-HT regime the weak limit 


lim yA = y 
A/Wi 


( 4 ) 


exists. Furthermore, it can be shown that ^ is a Gibbs measure, see [ R.ue7C| ] and | Kun9£ |. 
The measure y in (Q) we call Gibbs measure corresponding to (</>, /3, z) and the construc¬ 
tion with empty boundary condition. 


2.3. A'-transform and correlation functions. Next, we recall the definition of corre¬ 
lation functions using the concept of the so-called A-transform, see e.g. [ KK9£ ], [ Len73 |, 
| Len75a[ |, |Len75b| ]. 

Denote by Fq the space of finite configurations over 


prf. 


Fo:=lJr!)"\ r(°^={ 0 }, rj") := {r? C R'" I 71 = n}, n E N. 

n=0 

Let = I (xi,..., Xn) E R'^^” | Xi 7 Xj for 7 / j } and let S” denote the group 

of all permutations of {1, ..., n}. Through the natural bijection 

—^F^”^ (5) 

(n) 

one defines a topology on Fq . The space Fq is equipped then with the topology of 
disjoint union. Let H(Fo) denote the Borel fi-algebra on Fq. 

A i3(ro)-measurable function G\ Fq —> R is said to have bounded support if there exist 
A E C>c(R'^) and A E N such that supp(G) C lJ^=o where Fq"^ = {?/ C A | 7| = n}. 

For any 7 E F let J2r]<s'y denote the summation over all r/ C 7 such that \r]\ < 00 . For 
a function G : Fq —> R , the A-transform of G is defined by 


(AG)(7) := 

?7(E7 


( 6 ) 


for each 7 E F such that at least one of the series ^ (^) converges, 

where G^ := max{0, G} and G~ := — min{0, G}. 
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Let // be a probability measure on (r,;B(r)). The correlation measure corresponding 
to fi is defined by 


p^iA) := ^(iLU)(7)d/r(7), ^ G B{To). 


is a measure on (ro,S(ro)) (see [ KK99 for details, in particular, measurability issues). 
Let G G L^{To,B{To),p^), then || KG ||l 1 (^)<|| K\G\ ||l 1 (/,) = || G ||l 1 (p^), hence 
KG G L^(r,.B(r),;u) and KG{'y) is for p-a.e. 7 G L absolutely convergent. Moreover, 
then obviously 


[ G{'n)dpiJi{'n) = [ {KG){'y)dp{j), 

Jfo Jr 


(7) 


see [ KK9g|] , | Len75a ], | Len75b |. 

The Lebesgue-Poisson measure A on (ro,;B(ro)) with activity parameter 2 ; > 0 is 
defined by 


A. := 



where dx®”' is defined via the bijection (|^. 

For the Gibbs measure p in the LA-HT regime corresponding to cj) satisfying (S) and 
the construction with empty boundary condition, the correlation measure is absolutely 
continuous with respect to the Lebesgue-Poisson measure, see e.g. [ llue63|] and | Min67 |. 
Its Radon-Nikodym derivative 


pM := ^(,), 


V G Po, 


w.r.t. Az we denote by the same symbol and the functions 


:= Pf,{{xi,...,Xn}), Xi,...,x„ G Xi ^Xj 


( 8 ) 


are called the n-th order correlation functions of the measure p. Furthermore, the cor¬ 
relation functions can be expressed as functions of the underlying potential 4>, inverse 
temperature (3 and activity z, i.e., = P(j){(3,z), see e.g. [ Rue63|] , [ Min67 |. Hence, due 

to the translation invariance of the pair interaction, the correlation functions as well as 
the Gibbs measure p are translation invariant. In particular, p^^\(5,z) does not depend 
on xi G 

Additionally, for these functions the so-called Ruelle bound holds: for fixed /3 > 0, z > 
0, there exists a constant ^ > 0 such that for all n and xi,... ,Xn G Xi ^ Xj for i / j, 
we have 


(”■) P Q 

P)> Ap^z.xi,. 


<e 


(9) 


see I Rue63|| . 
finite: 


Using this bound one, in particular, gets that all local moments of p are 




| 7 A|"'d|u( 7 ) < 00 


Vn G N, A G Oc(K'^). 


( 10 ) 



















MARTIN GROTHAUS, YURI G. KONDRATIEV, EUGENE LYTVYNOV, MICHAEL ROCKNER 


3. DiRICHLET forms, THEIR GENERATORS, AND CORRESPONDING STOCHASTIC 

DYNAMICS 


Here we recall the analysis and geometry on configuration space developed in | AKR98a ] 
and | AKR98b |. 

Let denote the tangent space to at a point x G The tangent space 

to r at a point 7 G T is defined as the Hilbert space 


r^(r) := 


TR^ 


! 7 ) — ^ Tx 

xG7 




Thus, each ^(y) G Ty(r) has the form V{'y) = (^(y, x))a;g-y, where R(y, x) G Tx{R'^), 
and 


lin 7 )llT,(r) = E 11^(7 ,^)IItrr<^) = E II^( 7 >^)IIm^- 

xG'y x£'y 

Let y G r and x G y. We denote by O^^x an arbitrary open neighborhood of x in X 
such that O-y^x Ll (y \ {x}) = 0. Now, for a function T: T ^ M, y G T, and x G y, we 
define a function Fx{'y, •): O^^x —> M by 

(^■y,x 3 2 / Fxil^y) '■= F{l — ^x + £y) £ 1 ^- 

We say that a function F: T —> M is differentiable at y G T if, for each x G y, the 
function Fx{'y, •) is differentiable at x and 

V^F{j) := {VxF{j))xe^ G r^(r), 

where 


Va:T(y) := VyFx{-f,y)\y^^. 

Evidently, this definition is independent of the choice of the set O^^x- We call V'"E(y) 
the gradient of T at y G T. 

We define a set of smooth cylinder functions FC^{F,T) as the set of all functions on 
T of the form 


7^ F(7) = 5f((/i, 7),-- - ,(/Ar,7)), (H) 

where /i,... ,/a £ and gp G Clearly, FCj^{'D,r) is dense in LP{g),p > 1. 

Any function F of the form (^) is differentiable at each point y G T, and its gradient is 
given by 

N 

(V’"F)(y,x) = ^aj 5 rir((/i,y),...,(/A,y))V/j(x), y G T, x G y, (12) 


where dj denotes the partial derivative w.r.t. the /-th variable. For F,G € FC^{'D,T) 
we define 


£ 


((F, G) := ^(VrF(y), VrG(y))r,(r) dp{^). 


Gibbs measures g in the LA-HT regime corresponding to stable potentials and the con¬ 
struction with empty boundary condition have all local moments finite, see (|T^. Thus, 
for such measures with the help of (|l^) we have (V'"F(y), V^G(y)) 2 ^„ ,(r) G Fur¬ 

thermore, the gradient respects /r-classes FC^{'D,T)^^ determined by FC^{'D,T), see 
e.g. |Roc98], [|MR0C| ] . Hence, FC^{'D,T)) is a densely defined, positive definite, 
symmetric bilinear form on L^(/i). 
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To ensure closability of this bilinear form we have to assume further properties of the 
potential cj) : 

(D): {differentiability) The function exp(—(/>) is weakly differentiable on f is 
weakly differentiable on ]R‘^\{ 0 } and the weak gradient V(/> (which is a locally 
dx-integrable function on considered as a dx-a.e. dehned function on 

satisfies 

Vcj) £ L^{Mf,eyip{—(j)) dx) n exp(—0) dx). 

Note that, for many typical potentials in Statistical Physics, we have f £ C'°°(M'^\{0}). 
For such “outside the origin regular” potentials, condition (D) nevertheless does not 
exclude a singularity at the point 0 G 

(LS): {local summability) For all A £ and all 7 £ Soo 

lim Y] Vff-y) 

y^iA„\A 


exists in Lj'Q^(A, dx). 

Assnming {(f>,P,z) satisfies (SS), (UI), (LR), (D) and (LS), and that n is the corre¬ 
sponding Gibbs measure constructed with empty boundary condition, one can prove an 
integration by parts formula for the gradient V'", see |AKR98b], Theorem 4.3. Utilizing 
this formula we obtain for F,G £ FC^iV, F): 


8l{F,G) = j^HlFGdyi, 


(13) 


where 


N 


hIf{^) = -Y^ 5,5,5i.((/i,7),...,(/7V,7))((V/„V/,)„.,7) (14) 

*, 1=1 


N 


'^djgF{{fi,if-P Y1 

1=1 {a:,*/}C7 


x-y),Vfj{x)-Vfj 


for /r-a.e. 7 £ F and F £ FGf°{V,r) as in 
F £ 

5.1, the following statement has been proven. 


dH- Moreover, 




£ LP{yi) for each 


FG'^{V,T), see [ AKR98b| ], Lemma 4.1. Utilizing (13), in |AKR98b|, Proposition 


Proposition 3.1. Assume that (0,/3, z) fulfill conditions (SS), (UI), (LR), (D), (LS), 
and let g, be the corresponding Gibbs measure constructed with empty boundary condition. 
Then the bilinear form {Sj{, FG{fi{V ,r)) is closable on Lf{yL) and its closure {Sj{, D{Sj{)) 
is a symmetric Dirichlet form which is conservative. Its generator is the Friedriehs 
extension of which will be denoted by the same symbol. 


Of course, generates a strongly continuous contraction semi-group 

Tf := exp{-tHl), t > 0. 


The existence of the diffusion process corresponding to (T^ , i4(T^)) was shown in [ AKR98b], 
Theorem 5.2, and | MROC |, Theorem 4.13. For all d > 1 it lives on the bigger state space 
F consisting of all integer-valued Radon measures on M'^, see e.g. | Kal75 |. For d > 2 in 
|RS98|, Corollary 1, the authors have proven that the set F/F is T^-exceptional. Thus, 
the associated diffusion process can be restricted to a process on F. For simplicity of nota¬ 
tions, we exclude the case d = 1 in what follows. However, all our further considerations 
do also work in that case. 
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Theorem 3.2. Let {(p^Pjz) fulfill the same eonditions as in Proposition \3. j| and let p, be 
the corresponding Gibbs measure construeted with empty boundary condition. Then: 

(i) There exists a conservative diffusion process (i.e., a conservative strong Markov pro- 
eess with continuous sample paths) 

M = (fi, F, (Fi)f>o, (&t)t>o, (^(l))t>o, (P7)7er) 

on r which is properly associated with (Sj), D{Sj))), i.e., for all (p-versions) of F £ 
L'^{T,p) and all t > 0 the funetion 

7^p(t,F)(7) := [ F(X(t))dP^, 7 e F, 

Jn 

is an quasi-continuous version ofTfiF. The proeess M is up to p-equivalenee unique, 
has p as an invariant measure and is called microscopie stochastic dynamics. 

(ii) The diffusion process M is up to p-equivalenee the unique diffusion process having p 
as invariant measure and solving the martingale problem for {—Hj), D{HJ))), i.e., for all 
G £ 

G(X(t)) - G'(X(0)) + f H^GiMs)) ds, t > 0, 

Jo 

is an ¥ t-martingale under P,y (hence starting in j) for Sj)-q.a. 7 G F. 


In the above theorem M is canonical, i.e., ft = (^([0, 00 ) ^ F), X.{t){(^) = f,{t),(, £ 
¥t. The filtration (Ft)t>o is the natural “minimum completed admissible filtration”, 
cf. [|FOT9-l|] , Chap. A.2, or [|MR92| , Chap. IV, obtained from cj{(/, X(s)) | 0 < s < t, / G 
V}, t > 0. F := Fqo := Vte[ 0 oo)^i smallest cr-algebra containing all Ft and 

i®t) t>o are the corresponding natural time shifts. For a detailed discussions of these 
objects and the notion of quasi-continuity we refer to |IV[R92|. The second part of the 
above theorem was proved in [AKR98b], Theorem 5.3. 


Remark 3.3. Let us consider the diffusion process (X(t))t>o provided by Theorem 
In dT^ ) we have an explicit formula for the action of the associated generator —Hj) on 
smooth cylinder functions. Utilizing an extension of Ito’s formula to this infinite dimen¬ 
sional situation on a heuristic level we find the associated infinite system of stochastic 
differential equations.' 


dx{t) = —(3 V(f>{x{t) — y{t))dt + \/2dB^{t), 

vmMt) 

y(t)^x(t) 


X(0) = 7 , 


x{t) £ X(t), 


7 G F, (15) 


where (R^)a;=x(o)GX(o) is a sequence of independent Brownian motions. Theorem |3.2|(ii) 
implies that the process ((X(t))t>o, P^) solves the infinite system (^) in the sense of the 
associated martingale problem for Sj)-q.a. 7 G F as a starting point. 


4. Scaling of stochastic dynamics and associated Dirichlet form 

We perform the scaling of the process (X(t))i>o in two steps. 

First scaling: We scale the position of the particles inside the configuration space as 
follows: 


F 9 7 1 -^ Sin,e{'-r) ■= {ex| X G 7 } G F, 


e > 0 
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i.e., for / E P, the scaling is given through {f, Sin,ei'y)) = T^xe-yfi^^)- Obviously, Sin,e 
is a homeomorphism on F. From now on we assume that [i corresponds to (cj), /3,1), /? > 0 
and the construction with empty boundary condition. Let us define the image measure 
/2e := This measure is also defined on (F,;B(F)) and it is easy to check that 

it is the Gibbs measure corresponding to j3,e~'^) and the construction with empty 
boundary condition, where (f>e := Furthermore, since = C'(/3(/>, 1), 

recall (UI), the measure is in the LA-HT regime if and only if this is true for /r. 

Second scaling: This scaling leads us out of the configuration space and is given by 


F 9 7 SoutAl) ■= (7 - {P: e ^)e ^ dx^ 


EF, 


where F^ := 5out,e(F) C V', e > 0, V' is the topological dual of V (where both V and V' 
are equipped with their respective usual locally convex topology). We consider F^ as a 
topological subspace of V, thus F^ is equipped with the corresponding Borel u-algebra. 
Obviously, Sout,€ : F —> F^ is continuous, hence Borel-measurable. Since it is also one- 
to-one and since both F and V are standard measurable spaces, it follows by [Par67], 
Chap. V, Theorem 2.4, that F^ is a Borel subset of V' and that S~^f. ^ : Fg —> F is also 

Borel-measurable. The function (/3, e~‘^) is the first correlation function corresponding 
to the Gibbs measure /ie, i.e.. 


/ 


fix) 


-—d\ —d 


)e dx= if, j)dp,Pj), \ffeCo(R). 


Applied to a test function / E P, the second scaling gives 

if, SoutA'l)) = {'^fix)- (/3, e”"') e""* J fix) dx^ , 


(16) 


XG7 


where (•, •) denotes the dual paring between T> and T>'. Here we assume the LA-HT 
regime. So, as mentioned before p^^\p,l) is a constant, and thus by definition of pe 


also 




is a constant, see Subsection O. Obviously, the random variable (^) 


is centered w.r.t. the measure 

Scaled process: The scaled process of our interest is 

x,(t) := SoutASinAM^~‘'t)))^ t > o> 


e > 0. 


Associated Dirichlet form: 

Next for each e > 0 we construct a Dirichlet form such that (X£(f))i>o is the unique 
process which is properly associated to Fg. 

Let/ie := SAt,eStn,eP = Then we define a Unitary mapping : L‘^{T^,p^) ^ 

L^(F, Pf^) by defining Sout,eF to be the /ie-class represented by FoSout,e for any ^(.-version 
F of T E LPiT^,pP). Using this mapping we define a bilinear form {£^,D{£f)) as the 
image bilinear form of (T^^, D(TFJ) under the mapping Sout,e- 

£PF, G) := £liSout,eF, Sout,eG), F,G G D{£,), (17) 

where D{£^) := Let FG^{'D,T^) be defined analogously to the space 

FC“(D, F). Then obviously, FG^{'D,T^) C D{£^), hence {£e,D{£^)) is densely defined. 
It follows by |MR92|, Ghapter VI, Exercise 1.1, that {£^, D(£f^)) is a Dirichlet form. It is 
called the image Dirichlet form of {£^^, D{£^J) under the mapping Sout,e- Its generator 
{-H^,D{H^)) is given by 


Ff — 'Sout,eFu,Sout,£, 


Me 


D{H,)=SpXD{HI). 


(18) 
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Then for F £ FC^{V,r,) C D{H,) we have 

^ d2 

H,F{u) = -Y^ 

i,j=l * ^ 

N 

x((V/i, V/j)R<i,e'^/2u; + pf^{l3,e~'^) dx^ - J2dj9F{{fi,uj),..., {fN,uj)) 

i=i 

x(^{Af„u;)-e<^/^P Y, (v,/.,(x - y), V/,(x) - V/,(y))^J , 

where F is of the form ( [ll|) and the variable oo is running through Tg. Note that the last 
term is well-defined for fi^-a.e. u) £T^. 


Theorem 4.1. Let (0, /3,1) fulfill conditions (SS), (UI), (LR), (D), (LS) and n he the 
corresponding Gibbs measure constructed with empty boundary condition. Then for all 
(p-e-versions) of F £ and all t > 0 the function 

LV ^ pfit,F){uj) := [ F{'Xfit))dPg-i g-i w G T,, 

^in,€ out,e 

is a He-version ofT^^tF := e-xp{—tHfi)F. For := P^-i e-i co £ Tg, the process 

M^ = (n,F,(F,/,.)t>o,(0 t/e^)t>0, (X,(t))t>o,(Q^) tjgrJ is a diffusion process and thus 
up to pL^-equivalence the unique process in this class which is properly associated with 
{£f:,D{£ff)) and has as an invariant measure. 


Proof: For F £ we have F(Xe(t)) 


S F 


= F o Sin,e- By Theorem 3.2 we have 


{Sin,eSout,eF)(X{e ^t)), t > 0, where 


('^oulAnle exp(-te ^HpSin,eSont,,F)A 

= [ SoutAn,eFAA^t))dPg-l g-l ^ = [ F{Xfit))dPg-l 


1 c-1 ^ 

e^out,e^' 


( 20 ) 


for /le almost all w G T^. We note that {£^^, D{£^J) is obviously the image Dirichlet 
form under the map of {£j^, D{£j^)) times e“^. Hence we have for the corresponding 
generator ,T)(H£)) 

Hi = SYe-^Hj;S,n,e, D{hI) = S-]fiD{Hl)). ( 21 ) 

Using the Hille-Yosida theorem (via resolvent) and (0), (0) , we can conclude that 

^outAin]e ew{-te~‘^Hj^)Sin,eSout,e = exp(-tH,) (22) 

on L‘^{T^, n^). Thus, by (20) and (22) the first statement of the theorem is proved. The 
fact that is a diffusion is straightforward to check. In particular, it then follows by 
|MR92|, Chap. IV, Theorem 3.5, that is properly associated with {£^,D{£fi)). ■ 


5. Convergence of Dirichlet forms 

Our aim is to show convergence of (fX.e{t))t>o to a generalized Ornstein-Uhlenbeck 
process (X(t))t>o as e ^ 0. In this section we prove this in terms of the corresponding 
Dirichlet forms. 
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It will turn out that the limit Dirichlet form is defined in where is the 

Gaussian white noise measure on T)’ with covariance operator Id and 

X<t>{P) ■= + [ u^I\PA,x,0)dx 

jRd 

is the compressibility of the Gibbs state /i, see (^) below for the dehnition of the Ursell 
function u'^'^ and Proposition [A.3| for the existence of the integral. The measure exists 
due to the Bochner-Minlos theorem via its characteristic function given by 

[ exp{i{f,u})) diyf,{uj) = exp ( - f {f{x)fdxY f€V. 

Jv ^ ^ Jr^'- ' 

For n G Z we define a weighted Sobolev spaces Hn as the closure of T> w.r.t. the Hilbert 
norm 

II / lln = (/, f)n := [ fix) fix) dx, fGV, 

jRd- 

where Afix) = — A/(x) + |xp/(x), x G i.e., A is the Hamilton operator of the 
harmonic oscillator with ground state eigenvalue d. We identify Tio = with 

its dual and obtain 

V c SiR^) cHnC L'^iR^, dx) C H-n C SfR^) cV, n G N. 

Here as usual denotes the space of tempered distributions which is the topological 

dual of the Schwartz space of smooth functions on decaying faster than any 

polynomial. Of course, TC-n is the topological dual of Tin w.r.t. TCq. The dual paring 
between these spaces we denote by (•, •). Since the embeddings Tin C TCn-d are Hilbert- 
Schmidt for all n G Z, it follows by the Bochner-Minlos theorem that v^iTC-d) = 1- 
The hrst part of the following theorem is an easy generalization of Proposition 3.9 in 
]. The second and third part have been proved in |Pro80|| , Proposition 5.4 and 
Theorem 6.5, respectively. 



Theorem 5.1. Let us assume that if), /3,1) fulfill (S), (UI) and let fi be the corresponding 
Gibbs measure eonstrueted with empty boundary condition. Then: 

(i) There exists G (0, oo) sueh that 



w ||^(d+i) dpfiuj) < C^^'> 


uniformly in e £ (0,1] and, in partieular, pe{TL-(^d+i)) = 1- 
(ii) For eaeh f £ V we have lime^o]E;,J(/, •)^] = IE^^[(/, •)^]. 

(hi) The family of measures ifi^)e>o converges weakly on7i_(^d+i) to the Gaussian measure 
as e —> 0. 


We shall also use the following lemma, which is easy to derive by using the properties of 
correlation functions, see Section 2.3, and recalling that fie = is the Gibbs measure 


corresponding to ifie, P, e “) and the construction with empty boundary condition. 
Lemma 5.2. Let the conditions of Theorem |5. j| hold. Then we have: 


,0 


Si)/a .-i , .,1 _ . ^-V 


,x,y) = py(p,l, 
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We define the Dirichlet form D{S^^)) as the closure of the bilinear form 




'v 


dxF{u!)AdxG{ui) dx dv^{u)) 

d 

= pf{l3,l) [ [ {VdxF{u;),VdxG{u;))^,dxdu^{> 
Jv JR'i 


where F,G G FG^{'D, V) and the space FG^{V, V) is defined analogously to FG^{'D, F). 
Here dxF denotes the derivative of F = grUfi, ■),■■■, {In, •)) £ FG^{T>,'D') in direction 


Ex, X G M , i.e., 


d 


N 


dxF{u!) = —F{uj + tex) = ^9jffF((/i,w), • • •, {fN,uj))fjix), cv G V, 


t=o 




where N gN and /i,..., /w G V. 

Integrating by parts in the Gaussian space, see e.g. [ BK95 |, Theorem 6.1.2 and 6.1.3, 
we obtain 

£,^{F, G)= [ HF{u;)G{u;) du^(ca), F,G G FG^{V, V), 

Jv 


where 


HF = - 


N 

1) X] •)! • • • > ifN, •)) / (V/i(x), V/j(x))iRd dx 

^,J=l 


p(^hs 1) A 

E djgFiifi, (In, -mAfj, •). 


(23) 


It is well-known, see e.g. |BK9f ] , Theorem 6.1.4, that the operator H is essentially self- 
adjoint on FC^{'D,'D’). We preserve the same notation for its closure. The operator H 
generates an infinite dimensional Ornstein-Uhlenbeck semi-group 

Tt := exp(—tiF), t > 0, 

in This semi-group is associated to a generalized Ornstein-Uhlenbeck process 

(X(t))j>o on V, see | BK95|] , Chapter 6, Section 1.5. 


Theorem 5.3. Suppose that ((/>, /3,1) satisfy the conditions (S), (UI) and let p he the 
corresponding Gibbs measure construction with empty boundary condition. Then for all 
F,G G FCf°{V,V') we have 

limT,(F,G)=T,^(F,G). (24) 


Remark 5.4. (i) The (X(t))t>o is the unique process associated to the closure of the pre- 
Dirichlet form {£,FG^{T),T>')) on L‘^{'D 'In this sense the convergence of bilinear 
forms proven in Theorem |5.3| uniquely determines the limiting process (X.{t))t>o- 
(ii) The generator H corresponds to the following stochastic differential equation: 


(iX(t, x) 


XpiP) 


AX(t, x) dt + 


^j2p^^\l3,l)dW{t,x), 


where (W(t))j>o is a Brownian motion in F' with covariance operator —A, and the 
coefficient l)/x<^(/3) is called bulk diffusion coefficient. 

(iii) The generality of the class of admissible potentials is very important from the phys¬ 
ical point of view. Before one could only treat smooth, compactly supported, positive 
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potentials. However, any physical realistic potential has a singularity at the origin. Fur¬ 
thermore, it is of physical interest to study potentials which also have a negative part, 
(iv) The proof of Theorem ^.3| is straightforward. However, it identifies the bulk diffusion 
coefficient for very general potentials. This coefficient is, from the physical point of view, 
the most interesting quantity. 

Proof: We first note that each function F G FC^{'D,'D'), when restricted to Tg, 
belongs to T^) C D{£^). Furthermore, since B{V') n Fg = H(Fg), the measure 

/ie can be considered as a measure on [V,B{V')). By the polarization identity, it is 
sufficient to prove (^) for the case G = F = gF{{fi,uj),..., (/jy, w)). Evaluating ( 0 ) 
and applying Lemma ^ we obtain 


N 


£,{F,F)=e'^ ^ 

..., ifN, e-") dx)))5,<7i.((/i, e''/2(7 - e-''pW(/3, e'") dx)), 

■ • •, (/a, e""*) dx))) 

N 

^^d/2 / {{V fi,V fj)j^d,uj)digF{{fi,u}),... ,{fN,uj))djgF{{fi,uj), ■ ■ ■ ,{fN,uj))dg,^{uj) 


*j=i 


iv 


N 


+ plp iP^'^)Y^ / (V/i(x),V/j(x))Rddx 
X [ digF{{fi,uj),...,{fN,u}))djgF{{fi,u}),---,{fN,^^))dpeiuj). (25) 

JV 


By Theorem |5.1|(iii) we get 


lirn / digF{{fi,uj),... ,{fN,uj))djgF{{fi,u;),... ,{fN,uj)) dg.e{uj) 

e^O ' - 


IV' 


= / digF{{fi,uj),...,{fN,(^))djgF{{fi,uj),---,{fN,i^))i^f,{u}), 


tv 


hence, the second term in (^) converges to £y^{F,F) and it only remains to show that 
first term in (^) converges to zero as e —> 0. But this is obvious from Theorem |5.1| (i), 
because F G TC^{V, V). ■ 


6. Convergence in law 

The convergence in terms of the Dirichlet forms admits no probabilistic interpretation. 
Hence, next we study convergence in law of the scaled processes. 

The laws of the scaled equilibrium processes := o Xf^(= P/^ o X^^), are prob¬ 
ability measures on C'([0, oo), F^), where := fp Qujdgei^i) and P^ := fpPj dfi(j), 
cf. Theorem P. Since (^([O, oo), Fg) is a Borel subset of (^([O, oo), 2?') (under the natural 
embedding) with compatible measurable structures we can consider P^ as a measure on 
(^([O, oo),V') and by using Theorem |3.2| (ii) we find that the process (X(t))t>o correspond¬ 
ing to P^, i.e., the realization of (Xe(t))j>o as a coordinate process in ^([O, oo), 2?'), solves 
the martingale problem for (—22^,22(22^)) w.r.t. the corresponding minimum completed 
admissible filtration (Ft)i>o for all e > 0. 




16 MARTIN GROTHAUS, YURI G. KONDRATIEV, EUGENE LYTVYNOV, MICHAEL ROCKNER 


6.1. Tightness. 


Theorem 6.1. Let {4>,(3,1) fulfill conditions (SS), (UI), (LR), (D), (LS) and let ^ be 
the corresponding Gibbs measure constructed with empty boundary condition. Then there 
exists m G N, m > d + 1, such that the family of probability measures (P'^)e>o can be 
restricted to the space C{[0,oo),7i-m)■ Furthermore, (P’^)e>o is tight on C{[0,oo),TC-m)- 


Remark 6.2. Theorem |6.1| has been proved before by T. Brox, | Bro8C| ], and H. Spohn, 
||Spo86 |, for smooth, compactly supported potentials only. Their proof can be generalized 
to a more general class of potentials. However, their technique requires that djfx^ (here 
dj4> is the partial derivative of the potential in direction j and x* the i-th. component of 
the identity) is locally integrable w.r.t. the Lebesgue measure. From the physical point 
of view this is a very restrictive assumption on the singularity of the potential at the 
origin. 


Proof: Let / G P. By Theorem 5.1(i) we know, in particular, that the functions 
(/,•), (V/,-) G Hence it is easy to show by approximation that (/, •) G D{£fj. 

Consider the conservative diffusion process on Tg associated with ac¬ 


cording to Theorem 4.1. We may regard on the state space V (common to all 


M%e > 0). Considering its distribution on (^([O,oo),P') we may regard its canon¬ 
ical realization = (fi, F, (Ft)t>o, (0t)t>o, (X(t))t>o, (Q^)a;GD')- So, in particular, 
H = C{[0,oo),'D'), X{t){u;) = uj{t),t > 0, 6t{to) = uj{t + •), and P^ = fp d/a^(cj). 
Fix T > 0. Below we canonically project the process onto Qt ■= without 

expressing this explicitly. We define the time reversal rrioj) := u>{T — •), to G £It- Now, 
by the well-known Lyons-Zheng decomposition, cf. | LZ8^ ], |[FOT94|] , and also [LZ94| for 
its infinite dimensional variant, we have for all 0 < t < T: 

(/, X(t)) - (/, X(0)) = (e, /) + ^ (MT-t(e, /)(r,) - MT(e, /)(r,)) 

P'^-a.e., where (Mt(e,/))o<f<r is a continuous (P*^, (Ft)o<t<T)-iRartingale and (Mt(e, 
/)(i'T))o<t<T is a continuous (P^, (rL^(Ft))o<t<T)-martingale. (We note that P^orT^ = 
P*^ because {Tf:^t)t>o is symmetric on Moreover, by (|25|) the bracket of M(e,/) 

is given by 

(M(e,/))i = 2 re‘'/2(|V/|2„X(u))+pW(/3,l) [ \V f{x)\l, dx du, 

Jo JR‘i 


as e.g. directly follows from | FQT94|] , Theorem 5.2.3 and Theorem 5.1.3(i). We note 
here that both theorems in |FOT94] are formulated and proved for locally compact 
separable metric spaces, while F' is not of this type. However, both theorems carry 
over to general state spaces by virtue of the local compactification and regularization 
procedure developed in []MR92|] , Chap. VI.2, which is easy to see to be applicable in our 
case, see e.g. |[MR92 |, Chap. VI, Theorem 2.4, in regard to ||FOT94|| , Theorem 5.1.3(i). 
Hence by the Burkholder-Davies-Gundy inequalities and since P^ o = P^ we can 
find G (0, oo) such that for all / G P, 0 < e < 1, 0 < s < t < T, 

Ep.[|(/,X(t))-(/,X(s))|4] 

< Ep.[|Mi(e,/) - M,(e,/)|"] +Ep.[|MT_t(e,/)(r^) - Mr_,(e,/)(r^)|^] 

< I^Ep. (6"/2(|V/|2 „X(u)) + p«(/3,1) \Vf{x)\l, dx) du 
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T-s 


T-t 


+ Ep' 

it- 


A/2 


X(r-ii)))+pW(/3,l) / \Vf{x)\i,dx)du 




d^J,e{u:) + I \Vf{x)\'ladx 


< {t - s)^ 


2 ||2 


d+1 + II |V/|m. 11^), (26) 


where := 4(7® max (C®),4')(/3,1)2) and C® as in Theorem ^T|(i). 

Now we can use (^6|) to define (/, X(t)) — (/, X(s)) for / G via an approximation 

as an element in L^(n, P*^). Then, of course, the estimate (|2^ is also true for / G S{W^). 

Let m G N and let (ei)igN be the sequence of Hermite functions, forming an or¬ 
thonormal system in 7im-2d- Then where are the eigenvalues of A 

w.r.t. the Hermite functions, forms an orthonormal system in TC-m- Since the mappings 
/ -II |V/|2, and / I—>11 |V/|]j|d IIq are continuous on S'(M‘^), we can choose a > 0 
and m G N large enough so that 

II |V/|^. Ill+i + II |V/|r. ||4< a II / ||1_2„ V/ G S{R^). 

In particular, for all z G N we have || |Vej Im^ lli+i + II I^CilRd IIq < a. Hence, by the 
above we can estimate 


(Ep. Ill X(t) -X(s) ||i^])'< f; (Ep. [| (e* ,X(t)) - (e^, X(s)) |"])'< C® (t-s), 

i=0 

(27) 

where the constant := (aC*® )^^^ X£o finite, because A~'^ is a Hilbert- 

Schmidt operator. Since by Theorem |5]|(iii) /Ze —> as e ^ 0, now the tightness of 
(P^)e>o on C{[0,oo),7i-m) follows by standard arguments. ■ 


6.2. Identification of the limit via the associated martingale problem. In order 
to identify the limit by Theorem |6.7| below it would be sufficient to show that each 
accumulation point P of (P'^)e>0 solves the martingale problem for {—H, Dq), where 
Dq := {G{{f, •)) I G G C^(M), / G S'(]R'^)}, with initial distribution p^, i.e., 

G{{f, X(t))) - G((/, X(0))) + r HG{{f, •))(X(s)) ds, t > 0, 

40 

is an Fj-martingale under P and P o X(0)“^ = p^. One well-known way to establish 
this property is to prove convergence of the generators to the generator H as e —> 0. 
Thus, first we study the difference || {H — Hf:)G{{f, ■)) ||l 2 (^^) for e ^ 0. In order see 
that HGiif,-)) e L'^iPe) we use representation (|^). 


6.2.1. Non-convergence of generators. Using (19) and (23) again, by an approximation 
argument it is easy to show that (/, •), / G P, is an element of D{Hf) and D{H). As we 
shall prove now at least on such functions the above convergence does not hold if we have 
non-trivial interactions. For the proof of the following Theorem we refer to Appendix p. 

Theorem 6.3. Let the potential (j) isotropic, i.e., 4>{x) = V{r), r = |x|]jjd, x G 
Furthermore, let x^x^didjf G L^{R‘^,dx) and x^dif G L‘^{M.^,dx). Additionally, let the 
assumptions required in Theorem |A..^| and Theorem B.l below hold and let p be the 
Gibbs measure associated to (</>,/9,1) and the construction with empty boundary condition. 









18 MARTIN GROTHAUS, YURI G. KONDRATIEV, EUGENE LYTVYNOV, MICHAEL ROCKNER 


where (5 G [0,/3o] OLnd (3o > 0 is as in Theorem A.4 - Then there exists a function 
[0,/3o] 3 P such that 

lim II {H - •) ||i 2 (^^)= R^iP) II A/ ||i3(,,), V/ G V. 

Furthermore, if fa tti, then there exist Pi{p) G (0,/3o] such that R(j,{P) > 0 for all 

P £ ( 0 , Pi]- 

Remark 6.4. Theorem |6.3| states that for high temperatures (small inverse temperature) 
and sufficiently smooth isotropic potentials the generators do not converge in the L^- 
sense. It applies obviously to compactly supported potentials p G C'q(M'^) and has been 
conjectured in |Bro8C|] , |Ros81[| , and |ppo86| . 

6.2.2. A conditional theorem on convergence in law. In order to identify the limit the 
following weaker type of convergence is sufficient. 

Conjecture 6.5. Let {p,P,l) fulfill conditions (SS), (UI), (LR), (D), (LS) and let fi he 
the corresponding Gibbs measure constructed with empty boundary condition. Further¬ 
more, for G G C'I(M), f £ V, and t,s > 0, define 

rt+s 


/ tp-s 

G'((/,X(u)))(R-R,)(/,-)(X(u))du. 


Then 


liniEp.[|I4(/,t,s)|] = 0. 


Remark 6.6. Conjecture 6.5 states that the scaled generators converge in time average, 
whereas Theorem o concerns convergence of the scaled generators at an arbitrary fixed 
time. Conjecture 6.5 first has been formulated in |Ros81]. In [|Spo86 | the author describes 
a proof of Conjecture for positive, smooth, compactly supported potentials and d < 3, 
but with G{x) = X, see | ppo86| , assumption (C), page 10. It is easy to show that, if 
Conjecture 1^ holds for G{x) = x, then it also holds for all G G 


Theorem 6.7. Let {p,P, 1) fulfill conditions (SS), (UI), (LR), (D), (LS) and let p be the 
corresponding Gibbs measure constructed with empty boundary condition. Assume Gon- 
jecture |^. Additionally, letP be an accumulation point of (P^)e>o on C{[0,oo),'H—m) 
with m £ N as in Theorem 6^. Then P solves the martingale problem for {—H, Dq) 
with initial distribution i.e., for all G £ CKM), / G S'(M'^), 

G((/,X(t)))-G((/,X(0)))+ f HG{{f,-)){X{s))ds, t>0, (28) 

Jo 

is an Yt-fno,Ringale under P and PoX(0)“^ = The measure P is uniquely determined 
by these properties, in particular, all such P coincide. Hence P^ —> P weakly as e ^ Q. 

Proof: Let f £ R, t, s > 0, and define the following random variables on C([0,oo), 
H-m): 


rt-\-s 


H,G{{f,-))iX{u))du, 


UPf, t, s) := Giif, X(t))) - G((/, X(s))) + J 

rt+s 

HGi{f,-)){X{u))du, 
G"((/,X(u)))X(|V/|2,)(u)dn. 


U{f, t, s) := G{{f, X(t))) - G{{f, X(s))) + 

rt+s 
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Utilizing Theorem ^]^(i) it follows that 


hmEp.[|S',(/,t,s)|] = 0. 

e —>0 


(29) 


The trace filtration obtained by restricting (Ft)t>o to C{[0,oo),7i-m) coincides with the 
natural filtration of (^([0, oo),7i-m), which we also denote by (Ft)t>o- Since solves the 
martingale problem for (— Dq) w.r.t. (Fi)t>o we have for all Fi-measurable bounded, 
continuous, Ft : C{[0,oo),7i-m) —> and e > 0 that Epe [FtC4(/, f, s)] = 0. Thus, 
together with Conjecture!^ and (|^) , it follows that 


limEp.[FtU(/,f,s)] 


limEp.[Ft(U,(/,f,s) + U(/,f,s 

e^O 


) + Se{f,t,s))] = 0. 


(30) 


Let P be an accumulation point of (P’^)e>o on C{[0, oo),TC-m), i-e., P*^" ^ P weakly 
for some subsequence ^ 0 for n —> oo. Obviously, by Theorem ^.iK iii) we have 
P o X(f)“^ = for all f > 0, in particular P o X(0)“^ = By (30) it remains to show 
that 


hm Ep.n [FtU{f, t, s)] = Ep [FtU{f, t, s)]. (31) 

n^oo 

Obviously, we only have to prove (|M| ) with U (/, t, s) replaced by the last summand 
in its definition, because for the first two summands convergence is clear. In order to do 
this we set 

iO^^V/3 1) 

h:=HGi{f,-)) = -p^^\p,l)G”{{f,-)) II |V/|k. ||g-^^-^G'((/,-))(A/,.). 

Then 


Et 


HGi{f,-)){Mu))du 


-Et 


< 


Ft 

t+S 


/ t+s -| 

//G((/,-))(X(u))du 

/ t-\-s 

|Ep[Ft/i(X(u))] -Ep.„[Fi/i(X(u))]| du 


and for := {oj G 'H-m\ || w ||-m< r}, r > 0, we have both for the positive and 
negative parts /i+, h~ of h and u G [f, f + s], setting hf := A sup^^^ \h\, 


|Ep [Fth^ (X(u))] - Ep.„ [Fth^ (X{u ))] I 


< 


'{:S.{u)&Kr} 


\Ft\ht{-X{u))dP - 


'{X{u)£Kr} 


\Ft\ht(X{u))dI>^ 


+ 


' {X{u)&n-m\Kr} 


|Ft||h|(X(rt))dP + 


< |Ep[|Ft|h±(X(r())] -Ep.„[|Fi|/i±(X(u 


I {X{u)£H-m\Kr} 
±1 


|Ft||h|(X(rt))dP^ 


+ 2 

But for all r > 0 


[ \Ft\\h\{X{u))dP + 2 [ 

J {X{u)en-m\Kr} 


{X{u)(iH-^\Kr} 


|Fi||/i|(X(u))dP^ 


< {X{u)eH-,r^\Kr} 

< 


Ft\\h\{X{u)) dP^- <11 Ft 
ipi')(/3,l)CW IlFtIloo 



where we used |(A/,a;)| < ||A/||m||a;||_m and 1 < ||w 
is as in Theorem ^)J(i). Similarly, 


\h\ dpe 

\Kr 



-ml"!' on Fi-m \ Kr- The constant 
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.( 1 ) 


Ft\\h\{y.{u))dP 
<p^;>{f5A) IlFillooll G" 


lo ^2 


'H-r. 




+ 


t CXD 


G' 


A/ 


iH-r. 


^ ll-m diyf,{uj), 


and since the Gaussian measure has measure 1 on Ti-m there exists a constant G^^'^ G 
(0,oo) such that || a; dv^{oj) < G^^h Hence by the weak convergence of 

pen _> p g^g _> QQ ggjj Lcbesgue’s dominated convergence theorem 

r*tH-s 


pt-ts 

limsup / |]Ep[Ft/i^(X(R))]-Ep.n[Fi/i^(X(M))]|drt 

n^oo Jt 

< %5,')(/3,l)max{C«,G(6)} || Ft ||oo 


|2 -L 

lo + 


G' 


XpiP) 


A/ 


for all r > 0. Letting r —> oo equality (11) follows and therefore 

Ep[FtU{f,t,s)] = 0, V/GP. (32) 

But by an approximation (^2|) is also true for all / G 5'(]R'^). 

Now it remains to show that P is uniquely determined by (^8[). But this follows by 
an easy generalization of Theorem 1.4 in HS78[ . All the assumptions required there are 
fulfilled in our situation except for the assumption on the operator B. This operator B 
in our case is \/—A, which is not bounded as required in | HS78| ]. Analyzing the proof, 
however, one finds that continuity and boundedness of the function 

[0, oo) 9 1 1 —> (H exp(tA)/, B exp(tA)/) G [0, oo) 

for a fixed / G is sufficient, which in our case is obviously true. ■ 

Appendix A. Inverse temperature derivative of correlation functions 
First, we have to define the finite volume correlation functions 

■= Z^X^P,z) f ex.p{-/3Ef^{pUC))dX^{^), /3 > 0, z > 0, 

d^Q,A 

■= [ eM-PEtiO) rfA.(0, V e To,A, A G 


To,A 


where we restricted the Lebesgue-Poisson measure to ro,A := Section 2.3. 

The proof of the following lemma is an easy generalization of Theorem 3.3.18 in 
| Kun99 |. 

Lemma A.l. Let {4>,Po,z) satisfy conditions (S) and (UI). Furthermore, let (f fulfill the 
condition 


0 < 


/ 


(exp(/3o|(?i(x)|) — l)dx < oo 


for some Aq G C>c(E'^). Then 


1™, pXXk . . . ,Xn) = pX\ld,Z,Xi, . . . ,Xn) 

A /’R'* ^ 


(33) 


(34) 


for all z > 0 and uniformly in (5, xi,... Xn on any set [0, fig] x (A')”, where A' G C>c(]R'^). 
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Remark A.2. Condition ( |3^ is obviously fulfilled for smooth, compactly supported 
potentials </>. Or, if (/> e Aq) and bounded on \ Aq for some Aq £ C>c(]R'^), and 

not dx-a.e. zero on \ Aq, then condition (|3^) is also fulfilled. 


(n) 

Via a recursion formula one can transform the correlation functions ^ into the so- 

called Ursell functions and vice versa, see e.g. [ MM91 |, [ llueGE ]. Their relation is 
given by 




(35) 


r]lU...U7]j=r] 


where is related to analogously to (P). Correspondingly, and are defined 
with replacing P(f)^\. Due to the translation invariance of the correlation functions, 
Ursell functions are also translation invariant. Furthermore, by an easy generalization of 
Theorem 4.5 in | Bro80 |, see also | Rue69 |, Chapter 4, we obtain the following integrability 
property. 

Proposition A.3. Let {(p,f3,z) satisfy conditions (S) and (UI). Then for each n > 1, 
there exists a non-negative measurable function —> R+, such that 

|uJ;+')(/3,z,-,0)| < VA G 

and 


I 

Jw.‘ 


• • ■^Xn)fixi, . . . ,x„)| dxi... dXn 

Xn 

OO - 

< exp{2nf3B{4>))(^ ^ —-{n mz) 

X sup / I exp(-/?(/)(Xn - yn)) - 1| sup / I exp(-/3(/)(Xn-l - yn-l)) - 1| 

Xn€M^ — 

•••sup / |exp(-/?(/>(xi-yi)) - l||/(yi,...,yn)|(iyi... dyn, 

XI jRd. 

for all measurable functions f : ^ M. 

Theorem A.4. Let {(j),fio,z) satisfy conditions (S), (UI), and let either 0 = 0 or 4> ^ 
L^{W^,dx) n L‘^{W^,dx) and condition (3^) hold. Then p^j, G C'^{[Q,(3q\) and for Xz- 
a.e. y G To we have 

^(/?, y) = -E’^{v)p<p{P, z,p)- [ I x)p^{f3, z, y U {x}) ^ dx 

op JRrf 

~IL .2 ^ ^ ~ 

where E'^{p) := limA^Kd T^a( d) • 

Proof: First, we note that the expression on the r.h.s. of (^) is well-defined and 
finite. Indeed, since 0 G L^(R'^) and the correlation functions are bounded, see (|) , the 
first integral in this expression is finite. Using (35) and Proposition A.3| , one finds that 
the second integral is also finite. 

Analyzing the properties of the Lebesgue-Poisson measure we find for y G ro,A: 
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2;, V) = z,r]) - j W^{r] \ x)p^^a{P, z,p\J {x}) 2 dx 

~\Ja 2 - y) (p0,a(/?, ^ U {x, y}) - p^Mf3, z, p)p%W^ Z, X, y)) dx dy. 

Using Proposition |A.3| , and that bound @ also holds for finite volume correlation 
functions, uniformly in A C twice applying the dominated convergence theorem shows 


lim 

A/'R'* 


dPckJ 

dp 


{P,z,v) =-E^{p)p^{P,z,p) - id I x)p^{P,z,p'J {x})zdx 


for A^-a.e. r/ G Pq. It remains to show that derivative and the infinite volume limit 
can be interchanged. We evidently have to show this only for potentials which are not 


identically equal to zero. By using Lemma |A.1| and Proposition A.3, we see that for 
z > 0, p £ Pq, fixed the function iPi z, p) converges uniformly on [0 ,/Jq] as A 
and 

^(/ 3 , V) = lim 2:, p). 

dp A/Rd dp 

The second order derivative can be derived analogously. The only difference is that 
in the second order derivative the potential p appears in its second power. Hence, for 
p £ L^(M^,dx) n L^(M^,dx) we obtain that p^f) £ C^([0,/3o])- A more detailed proof can 
be found in | GKLR01 | ■ 


Appendix B. Coercivity identity for Gibbs measures 


Here we derive an analog of the usual coercivity identity on L‘^{W^,gdx) for L^(r,^), 
where /r is a Ruelle measure on P, whose potential satisfies some weak additional condi¬ 
tions. 

First we have to develop a little further the analysis and geometry as in Section |3[ For 
each 7 G P, consider the triple 


T,,oo(P) DTyCr) ^7;,o(r). (37) 

Here, r.Y^o(r) consists of all finite sequences from Ty(P), and T.y^oo(P) := (^ 7 ,o(r))^ is the 
dual space consisting of all sequences V ( 7 ) = {V ( 7 , x))x£'^, where U( 7 , x) G The 

pairing between any U( 7 ) G T.y^oo(P) and v{'y) £ T.y^o(r) with respect to the zero space 
T.y(P) is given by 

iVij),v{p))T^(r) ■■= x),vi'y,x))T^(^-^dy 


This series is, in fact, finite. 

For 7 G P, we define B^{y) = {B^{'y,x))xe'r ^ ^ 7 ,oo(P) by 


H^( 7 ,x) := -P 


E 

yG7\{a;} 


Vp{x — y), X £ 7 . 


(38) 


As follows from the proof of Lemma 4.1 in [ AKR98b[| , for p-a.e. 7 G P the series on the 
right hand side of (^) converges absolutely in M'^, provided {p,P,z) satisfies (SS), (UI), 
(LR) and (D), and that p is the corresponding Gibbs measure constructed with empty 
boundary condition. Observe, that 
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A^F{-f) := A^F{-f) := AyF^{x,y)\ 


(39) 


y=x' 


xG-y 


where is the generator as in (U) and F £ FC^{F, F) as in (|Tl]). Of course, A acting 
on differentiable functions defined on is denoting the Laplacian on We call By 
the logarithmic derivative of the measure /r. 

Let A{-f) £ (r^,oo(r))®^, cf. (|^), so that ^( 7 ) = {A{'^,x,y))x,y&y, where A{-f,x,y) 
£ Ty(M‘^)( 8 )Ta;(M‘^). We realize ^( 7 ) as a linear operator acting from T^^o(r) into T^^oo(r) 
setting 

T,,o(r) 9 y(7) ^ ^( 7 )^( 7 ) := (j;(7i(7,x,i/),y(7,x))r4M.)) £ r^,oo(r). 


x&y 


Evidently, if ^( 7 ) £ (T^,o(r))®^, then ^( 7 ) defines a linear continuous operator in T-y(r). 
We denote by ^( 7 )* its adjoint operator. 

For a vector field F 9 7 1 —> VF( 7 ) £ T.y^oo(r), we define its derivative V'"LF( 7 ) as a 
mapping 

r 9 ^ ^ V^W(7) = (V^W(7,x,y)).,j,e^ £ (r^,oc(F))®2 


such that 


VrW(7,x,y):=Vj,W(7,x) 


yzW{-i-£y + £z,x)\^^y, Axj^y, 
- £y + £^,z)\^^y, ifx = y. 


if all derivatives VyLF( 7 ,x), x,y £ 7 , exist. For a function E: F —> M'^, we denote 
E":=V^V^E, if it exists. 


Theorem B.l (coercivity identity). Let the potential (p satisfy (SS), (I), (LR), and the 
three following conditions: 

(i) (p £ \ { 0 }), e“'^ is continuous on and e~'^'\/p can he extended to a contin¬ 

uous, vector-valued function on R*^; 

(ii) for each 7 £ Sqo, the three series Ylxe-y Exe7 o,ndJ2^^^V'^p{--x) 

converge locally uniformly on X \ 7 ; 

(hi) we have 

Vp € L^(R'^, exp(—(/)(x)) dx) n L^(R'^, exp{—p{x)) dx), 

V^(/) £ L^(R'^,exp(—0(x)) dx). 

Furthermore, let y be the Gibbs measure corresponding to {p, /3, z) and the construction 
with empty boundary condition. Then, for any F £ FC^{'D,r): 


= / TrT,(r) F\j)F\^r dyi^)- Fij),V^By{^)V^F{^))T^^r) dyij) 

= /Tr7.^(r)E"(7)E"(7)*dM7)+/3 / ^ F{j,x) - F{^,y)), 

^ ^ {^,?/}C7 

X^P{x - y){X^F{^, x) - VrE( 7 , y)))^, dy{j). (40) 

Remark B.2. As easily seen, conditions (i)-(iii) of the above theorem imply (D) and 
(LS). 
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Remark B.3. As will be seen from the proof of Theorem B.l, the coercivity identity 
holds for each monomial F = (/, •)"■, where f £T> and n G N. 

-> M+ be measurable, then, by [NZ79|, we have due to condition 


Proof: Let G : Tx] 
(ii): 


^G( 7 ,x)d^( 7 ) 

x&'y 


z exp - yj^Gi'y + ex,x) dxdfi{'y). 

ye7 

Let F G FC^{T>,T). By ( p^ and (|4l|), we get 

/ E(A.F(7) + (i?M(7,^),VrF(7,x))7^^(K4))'dM7) 


(41) 


3:67 


+ / ^ (A,F(7) + (5^7, x),V^F{j, x))t^ 

■ir , 

x,ye'y,x^y 

X {AyFi'y) + (R^(7,y), V^F(7,y))r^(Kd)) ^^(7) 


exp ( - ^ (/>(x - y 


3 /G 7 


X (Aj,F(7 + s^) + (B^(7 + ex,x),VxF{'y + ex))T,(Rd))^ dxdfiij) 


+ 


f 


exp 


^ </>(xi - yi) + ^ (/)(X 2 - y 2 j 

J/lG7 y 2 G 7 U{xi} 

X (Aa;i-F(7 + 63,1 + £x2) + {By_{'^ + £xi + £ 3 , 2 , Xi),V3;jF(7 + £xi + £x2))T:c^ ( 

X [Ax 2 F{'y + £xi + £x 2 ) + {Bij,{'y + £xi + £3:2?^2)1 

+ £xi + ex 2 ))T, 2 (iRrf)) dxi dx2 dn{-f). (42) 

By conditions (i) and (ii), we conclude that, for each fixed 7 G Soo, the function 

y^(x) := exp - /3 ^ 4>{x - yfj 
1/67 

is continuous on M'^, two times continuously differentiable on M'^\ 7 , and Vy^ extends to a 
continuous function on Moreover, by (p 8 |), i ?^(7 + e 3 ;,x) is the logarithmic derivative 
of the measure := dx. Finally, it is easy to see from (i)-(iii) that the function 

57 (x)(log 57 (x))" = exp - p'^(j){x - y)^/?^ V^())(x - y) 

ye-y ye-y 

belongs to Lj'^^(R'^). Thus, the usual coercivity identity on the space of square-integrable 
functions L‘^{W^,di'^) implies that 

/ exp - /3^(^(x - y)^ (A 3 ;T (7 + e 3 ;) + {Byi^f + £x,x),VxF{-f + £x))T^(^^d-^)‘^ dx 

JR^ j/e7 

= / exp(-/3^())(x-y))(Tr7.^(Rd)V3;V3;F(7 + e3:)(V3;V3;T(7 + e3,))* 


ye-y 


- {VxF{'y + Ex), Va;B ^(7 + £x,x)VxF{'y + £x))T^{Rd)) dx. (43) 

Absolute analogously, a slight modification of the proof of the coercivity identity on 
implies that 
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“ 1 “ ^xi ^X2 ) 


f j exp (^-/3 ^ 0 (xi-2/i)-/3 ^ (^(x2-2/2)-/?</>(2:i-X2))(A3.^F(7 
2/1 G7 2/2 G7 

+ + ^xi + £x2jXi),\/xiF{'y + exi + ex2))ra;^(]R'i)) {^x2F{'y + e^i + £x2) 

+ {B/iij + £xi + £x2i^2)i'^ X2F{'y + £xi + ^a:2))Tc2 (*'')) 

= / / exp ( - /3 V (/>(xi - yi) - /3 V (/>(x 2 - ^ 2 ) - /3</>(a;i - X 2 )) 


\'^ X2^ xiF{'y + Exi + £; 


X2)\\Tx, 


— i'^x2Fi'y + £xi +£x2)> 


V3:2-B^(7 + ^xi + £x2^^i)'^xiF{'y + e^i + ex2))Tj., 


Next, by (|3q) , (i), and (ii), we get for any 7 G S'oo: 
VyBf,{j,x) = 


-p E v 20 (x - z), if X = y, 

2 G 7 \{x} 

PV‘^4>{x — y), otherwise. 


dxidx2- (44) 


(45) 


By 

Ocl 


z exp 


r 7A 


(|4l|), (^5|), condition (iii), and estimate (4.29) in ||AKR98b||, we have for any A G 

iW. 

(y-p'^p{x - y)) (1 + \\VxBy,{j + £x, 2 ;)||TRiRrf)®rRK'i)) dx dy(7) 

2/G7 

= / ^ (1 + II^xB^( 7, x)||'p^(Rd) 02 ’ 2 :(R‘^)) ^ 4 ^( 7 ) 

a;e7A 

S /E(' + /’ E l|V^(/>(x-y)||Rd^K'i) rf/^(7) 


xe-yA 


2/e7\{x} 


= / /oL^^(a^)d3:+ / / p(f)(x,y)/3 ||V 2 ())(x- 


< / p^^\x)dx + C^^'^ / /?||V^ 0 (x — 


e ^^dydx<oo, (46) 


where (7^*^ G (0,oo) is a constant, and analogously 

( - /3 X] - yi) - /5 X] ^^(^2 - y2) - PP{xi - X 2 )) 

2/167 2/2 67 

x(l + l|Va;2B^(7 +6,1,1 +ex2,a;i)llT,2(Rd)®r,i(R'i)) ^2:2 ^/^(t) 


exp 


r 7A Jk 


- J ^ (1 + II^ 2 /B/i( 7 ) ^)IItj,(R‘*)®T„(R‘*)) ^^(7) 

x,y£yA,x^y 

(1 + /? ||V^ 0 (x - y)||Rd 0 Rd) dpi'j) < 00 . 


(47) 


x,yeyA,xy^y 


Now, by (|4l|) -(|44D, (|4(^) , and ([4^), 

~ [ '^x^xF{'y){Vx'^xF{'y)) 

xG'r 

~ C^xF{'y),'VxBy{'y,x)'VxF{'y))rp^Q^d-^'j + (ll'^ 2 /'^^-^( 7 )ll'ry(R‘^)®Ti 




x,y£y,xyiy 
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- (VyF(7),Vy5^(7,a;)V,rF(7))7, (Rd) 


= y^TrT,(r)F"(7)F"(7)*dM(7) - j^{V^F{^),V^ (48) 


Finally, from (|45|) and (^) we get the second equality in (40). 


Appendix C. Proof for non-convergence of generators 


Proof of Theorem 6.3: We have 
|2 




- 2 


H{f,uj)H^{f,uj)dfie{uj) + f H^{f,uj)H^{f,uj)dfie{uj). (49) 


A direct consequence of Theorem |5.lK ii) is that 

S/ H{f,uj)H{f,uj)dfi,{u;) = II \\h{dx) 


Furthermore, we have 




lim H{fMH.{f,u)dpe{u:) = II A/ ||i.(,,) 


(50) 


where ( [50|) c an be shown in the same way as the convergence of Dirichlet forms in 
Theorem |5.3| , the argument is even more simple. Showing convergence of the third term 
in (4£) is a quite elaborate task. Using ([l^, the coercivity identity provided in Theorem 


B.l 


(^ and Lemma 5.2 we obtain 


Heif, iv) d/i,(a;) = (/, 7)iL^^ (/, 7) (i/ie(7) 

= {(5, e-<^) II A/ {Vfix)-Vf{y), 

VV,(x-?/)(V/(x) - V/(?/)))^^ p^^^^{P,€~'^,x,y)dxdy 

= pfdi, 1) II A/ H (v/(x) - V/(!;), 

By the mean value theorem, we get 

(v/(x) - V/(y), V2</,(^) (V/(x) - V/( 2 /)))^^ 

= / (vV(y+5i(a;-2/))^^-^,V^(/>(^^^-^^VV(y+g2(x-2/))^^-^)^^(igridg2 

Thus, we obtain an approximate identity and 


lim 

e^O 
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f3x^x’' didj4>{x) p]^’{f3,l,x,0)dx I didkf{y)djdif{y)dy, 


^-2 ^ ... 
where x* is the i-th. component of x G Set 


( 2 ) 


D^{j3,i,j,k,l) := [ P x’^x’'didj(j){x) x,0) dx. 


(51) 


For isotropic potentials the corresponding second correlation function is also isotropic 
and the coefficient (^) turns out to be: 

- y'{r)) + x^x' p^^\p,l,r) dx, 

here 6ij is the Kronecker delta. Hence, for isotropic potentials the coefficient Dfj,{P, i, j, k, 1) 
is only different from zero if each index in the set {i, j, k, 1} at least occurs twice. Utilizing 
polar coordinates, the identity Jq ^ sin^(0) d9 = 3 sin^(0) cos^(0) dd and the symmetry 

of fjgd didkfiy) djdif{y) dy in all its indexes, we find 

J™ [ HPf,u)HPf,u)dpPuj) = D^iP) II A/ 11^2^^^^ 


where 


+ \ [ Px^x^ didipix) p^^\p,l,x,0)dx. 
^ JR’>- 


Next, we compare the coefficients D^{P) and {p^^\p,l)p/x<f>{P) in terms of a high 
temperature expansion. The latter coefficient is the isothermal compressibility of the 
fluid or gas characterized by p. Applying Theorem A.4, we obtain 

D^{P) = l + P^^D^{Q)+o{P^), 

, , ^2 , fo2^ a rn 

= 1 + P o,o 2 . - (0)+o(/3^), /3g[0,/3o], 


where 


X0(/3) ^ 5/32 

92 


Xp 


9/32 
(1)/' 1^^2 


Dp{0) = -( [ p{x)dx\ + [ (x^dipix))"^ dx, 
^ jRd ' jRd 


92 {p^;\:y)) 


-( 0 ) = - 


dP"^ X<l> 

Thus, the remainder function is given by 


p{x) dx 


(p^^Up 1))^ r 

R^{P) = D^{p) - ^ — = P‘^ {x^dip{x) f dx + o{p‘^), P G [0,/3o]. (52) 

X4>[P) JRd 

Hence, Rp = 0 on [0,/3o] is equivalent to J^d{x^dip{x))‘^ dx = 0. This, in turn, is 
equivalent to 

dip{x) = 0 for dx-a.e. x G (53) 

Since the potential is isotropic, the only potential in consideration which fulfills ( |5^ is 
(/) = 0. Hence, by (^^ for p tti there exist Pi G (0,/3o] such that R^{P) > 0 for all 
/3e(0,/3i]. ■ 
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